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Abstract

We consider systems which conserve the particle number and are described
by Schrodinger equations containing complex nonlinearities. In the case of
canonical systems, we study their main symmetries and conservation laws. We
introduce a Cole-Hopf-like transformation both for canonical and noncanonical
systems, which changes the evolution equation into another one containing
purely real nonlinearities, and reduces the continuity equation to the standard
form of the linear theory. This approach allows us to treat, in a unifying scheme,
a wide variety of canonical and noncanonical nonlinear systems, some of them
already known in the literature.

PACS numbers: 02.30.Jr, 03.50.-z, 03.65.-w, 05.45.-a, 11.30.Na, 11.40.Dw

1. Introduction

Over the last few decades many nonlinear Schrodinger equations (NLSEs) have been proposed
in order to test the fundamental postulates of quantum mechanics, for instance, the Bialynicki-
Birula—Mycielski equation [1], the Kostin equation [2] and the Gisin equation [3] among many
others [4]. In [5] a wide class of NLSEs for finite-dimensional quantum systems was selected
in order to preserve the homogeneity principle of the original Schrodinger equation, with the
superposition principle being destroyed by the nonlinear terms.

Many of the NLSEs proposed in the literature contain complex nonlinearities. For
instance, the Doebner—Goldin (DG) equations [6—8] were introduced as the most general class
of Schrodinger equations, compatible with the Fokker—Planck equation for the probability
density p = |y|> namely dp/dt + V - jo = DAp, jo being the standard quantum current
and D a positive diffusion coefficient. The importance of this class of evolution equations is
that it is founded on the grounds of the group theory: the nonlinear terms were derived from
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the representation analysis of the Diff (R?) group which was proposed as a universal quantum
kinematical group [9].

In addition, a large number of NLSEs with complex nonlinearities have been proposed in
order to describe some phenomenologies in condensed matter physics. For instance, in [10] a
NLSE with a nonlinearity of the type a; |V |>¥ +ax |V |*¥ +ia30, (| |>¥) + (a4 +ias)d, | >y
is introduced to describe a single-mode wave propagation in a Kerr dielectric guide. Another
example is the generalized Ginsburg—Landau equation [11]. This equation contains the
nonlinearity a; |V |>¥ + iax + iazdy, ¥ + ias|y >y [12] which takes into account pumping
and dumping effects of the nonlinear media and can be used to describe dynamical modes
of plasma physics, hydrodynamics and also solitons in optical fibres (see [13] and references
therein). Finally, complex nonlinearities in Schrodinger equations are also used to describe the
propagation of high-power optical pulses in ultrashort soliton communication systems [14, 15],
incoherent solitons [16, 17], and multi-channel bit-parallel-wavelength optical fibre networks
[18], among others.

In this paper we consider the most general class of NLSEs conserving the quantity
N = [|y]*d"x:

2
ih%z—h—Aw+(W+iW)w 1.1
at 2m
where the real W and imaginary W parts of the complex nonlinearity are smooth functions of the
fields v, ¥* and their spatial derivatives of any order. When v is written in polar representation
¥ = p'? exp(iS/h), equation (1.1) is split into two nonlinear partial differential equations for
the real fields p and S:

0 VS
—p+V-(—p+F>=O (1.2)
at m
S (VS)?
— + +W+U,=0 1.3
ot 2m 1 (13)
where
n? A
v, = - AVP (1.4)
dm /p
is the quantum potential [19] and the real functional F' is related to WV through
n
W=_—V.-.F 1.5)
2p

as the particle number conservation requires. It is easy to recognize that equation (1.2) is
a nonlinear continuity equation, which involves only the term W, while equation (1.3) is a
nonlinear Hamilton—Jacobi-like equation involving only the term W.

In the Calogero picture [20], the system (1.2), (1.3) is C-integrable if there exists a
transformation of the dependent or/and independent variables t — 7, — X, p — R,
S — S which transforms equations (1.2), (1.3) into

R — (VS

—+V-<—R>=O (1.6)
oT m

s (V8?2 _—

— =0 1.7
o7 T om T Us 4.7

V and Uq being the gradient and the quantum potential in the new variables.
Equations (1.6), (1.7) constitute the well known hydrodynamic representation of the standard
linear Schrodinger equation.
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The principal aim of this paper is to introduce a nonlinear transformation for the field S:
S — &, in order to reduce equation (1.2) to the standard form of the linear theory (1.6). As a
consequence of this transformation, the evolution equation (1.1) transforms into another one
containing a purely real nonlinearity. Moreover, the current, when expressed in terms of the
new field ¢ = p'/? exp(iS/h), reduces to the standard bilinear form of the linear Schrodinger
theory.

The paper is organized as follows. In section 2, we introduce a general class of (n + 1)
canonical NLSEs, invariant over the action of the U(1) group. In section 3, starting from
the Noether theorem, we consider the main symmetries and related conserved quantities of
the canonical system. In section 4, we introduce a Cole—Hopf-like transformation which
eliminates the imaginary part of the nonlinearity in the evolution equation, while in section 5,
the same transformation is considered in the case of noncanonical systems. In section 6, in the
framework of the approach developed in the previous sections, we treat, in a unifying context,
some NLSEs already known in the literature, in order to show that all the transformations
introduced by the various authors to study these equations can be obtained as particular cases
of the transformation proposed here. Finally, some conclusions and remarks are reported in
section 7.

2. The canonical model

Let us consider the class of canonical NLSEs described by the Lagrangian density

h Y Y™ n? )
L =i L - —|V —Uly*, 2.1
15 <¢ Y 14 o ) 2ml 4 ™, vl 2.1
where V = (94, ..., d,) is the n-dimensional gradient operator. The last term in the rhs

of equation (2.1) is the nonlinear potential which we assume to be a real smooth function
of the fields ¢ and y* and their spatial derivatives. Here and in the following, we use the
notation U [a] to indicate the dependence of U on the field a and its spatial derivative of any
order. We deal with dynamical systems described by equation (2.1) which are invariant under
transformations belonging to the U (1) group. As we show in the next section, this condition
imposes a constraint on the form of the nonlinear potential U.

We start from the action

A= /[,d"x dr 2.2)
and observe that the evolution equation of the field v is given by
8
A _o 2.3)
Sy
The functional derivative is defined through [21]
B dgla]
— d"x = —*D 2.4
” / Gla]d"x [;I< Dy, [ 5 (lea)] 24)

with Dy, = 9%/(dx]" ... x") and > k=0] = 2teo 2_s,- The sum 3, is over the multi-index
Iy = (i1, iz, ..., i) where 1 < p<n,0<i,<kand ) i, =k.
Equation (2.3) assumes the form

S [h( oy vt
axp*/li(w ot I/jat)dth

¢
=50

2
/Zh—m|Vw|2d”x dr + B%/U[w*, Y]d"x dt 2.5)
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which, after performing the functional derivatives, transforms to the following NLSE:

9 n?
TR ANy W
ot 2m

W*fuw ,wldix de (2.6)

where A = 97 +- - - + 32 is the Laplacian operator. Equation (2.6) can finally be written in the
form

oy h?
ih— = ——AY + Alp, Sly 2.7
ot 2m
where the complex nonlinearity
Alp, S1= Wlp, S1+iWlp, S] (2.8)
has real W[p, S] and imaginary W[p, S] part defined by
8
Wlip, S1= % / Ulp, S]1d"x dt (2.9)
0
Wip, S] ho Ulp, S1d"x dt (2.10)
s = —— N X .
P 285 ) Ot

where p and S are the hydrodynamic fields related to the wavefunction ¢ through [19,22]

vz, 1) = p'*(x, 1) exp [%S(w, t)] ) (2.11)

3. Symmetries

In this section we study the main symmetries and conserved quantities of the system described
by the Lagrangian (2.1).

Let us consider the U(1) invariance condition. The variation §.¢ = ieyr, with € an
infinitesimal real parameter, implies the following variation on the action:

0
3 A = —eh/ ﬁU[p, S1d"x dr. 3.1
Taking into account the Noether theorem [23] we can also write the variation §..4 in the form
8. A= —¢€h / A julv™, ¥1d"x dr. 3.2)
By comparing equations (3.1) and (3.2) we obtain
ap oU
o1 = %5 (3-3)

with p = jo. Equation (3.3) is not a continuity equation because the Lagrangian (2.1), for
a general nonlinear potential U[p, S], is not U(1)-invariant. In appendix B we show that
U (1) symmetry can be restored if one assumes that the nonlinear potential U[p, S| depends
on S only through its spatial derivative, modulo a total derivative term, which does not change
the dynamics of the system (null Lagrangian). As a consequence, the rhs of equation (3.3)
vanishes and it becomes a continuity equation for the conserved density p. Thus, the U (1)
invariance limits the class of nonlinear potentials appearing in equation (2.1). In the following,
we consider only U (1)-invariant systems, where the functional U[p, S] depends on S through
its spatial derivative. For this class of systems, equation (3.3) becomes

ap
—+V.53=0. 3.4
a1 J 34
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The conserved quantity associated with the continuity equation (3.4) is

N = /pd”x (3.5
The expression of j is obtained in appendix A, and is given by
. 0§ (—D¥ aUlp, S]
ji=—=p+ Y —=D (3.6)
n =0 fi"" (D11, S)
where
fler=n=3"8om, 3.7)
r#i
for Iyyy = (my,my, ..., my,) with1 <r <n,0<m, <nand ) m, =k+1.
Note that expression (3.6) of j can also be written (see appendix A) in the form
A L /U[ S1d"x dr (3.8)
;= — s X . .
= P s@s ]

Equation (3.8) can be obtained starting directly from equation (2.7) after adopting the
hypothesis that U[p, S] depends on the field S only through its spatial derivatives as required
from the U (1) symmetry.

In the following we consider the main space—time symmetries of the Lagrangian (2.1).
We note that U[p, S] depends on the variables « and ¢ only through the fields p and S, thus
the system is invariant over space—time translations. From the Noether theorem we have

07,

a—t“ +V-T,=0 (3.9)
where 7, = To,; (7,,); = T, with u =0, ..., 3. The components of the energy—momentum
tensor 7}, (see appendix A) are given by

h2
Top = VY "+ Ulp, ] (3.10)
m
Ty; = lz(llf Y — Yo v) (3.11)
hZ k .
Tio = —5— @iy o0 —ydy ) + 3 D (=D'B}Y Dy,
n k=01 [p=0]
aUl[p, S aUlp, S
X {D,P [ﬁ] ap+Dy, [L} B,S} (3.12)
(Di,1,.0) (D;,1,S)
h2 k ;
Tij = =@ 0,y + 9,0 0) +8,L — 3 Y (=D'B}, Dy,
mn (k=01 [p=0]
aU[p, S alUlp, S
X {le) I:Lil 3j,0+'D[p [L} BJS} . (313)
9(D; 1. p) 9(Di 1, S)
From equations (3.10) and (3.11) we obtain the conserved quantities
hZ
E = / [—|V1//|2 +Ulp, S]i| d"x (3.14)
2m
h
P= —iz /(W*Vlﬁ — Y Vy*)d'x (3.15)

which are, respectively, the total energy and the linear momentum of the system. We can see
that U[p, S] modifies the expression of the energy while the momentum maintains the form
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of the linear theory. From equations (3.12) and (3.13) we see that the presence of U[p, S] also
modifies the expressions of the fluxes associated to E and P.

Note that if the energy—momentum tensor is symmetric in the spatial indices 7;; = T};,
the potential U[p, S] is invariant over the action of the orthogonal group SO (n). In this way
we can define n(n — 1)/2 conserved quantities

L&t eal,...,anfzyiqjv/‘xiToj d"x (316)

where €%~/ is the n-rank totally antisymmetric tensor defined as e+! = 1. Forn = 3 we
recognize the well known conserved components of the angular momentum.

Finally, we look at the Galilei invariance. We recall that if the system admits this symmetry,
the corresponding generator

G =Pt —mNzx, (3.17)
is conserved, namely
0G
— =0 3.18
” (3.18)
where the linear momentum is given by
P = /,oVSd”x (3.19)
while the mass centre vector is defined as
1
e = — d"x. 3.20
Te = / pxrdx (3.20)
We consider now the Ehrenfest relation
oz _ 1 / 4 (3.21)
o NSO '

which can be obtained from equations (3.4) and (3.20). We note the formal similarity
with the corresponding relation of the linear theory. Here the expression of j is given by
equation (3.6) and depends on the form of the nonlinear potential U[p, S]. Taking into account
the conservation of P, and after assuming uniform conditions, from equation (3.17) we obtain

G _ i 1/ o, S17 .,
TS m[];;]( DA | Dy, [8(2), 1k5)} d"x. (3.22)

Equation (3.22) shows that the presence of U[p, S] breaks the Galilei invariance, which can
be restored if W = 0 as we can verify easily by using equation (2.10).

4. A Cole-Hopf-like transformation

Let us introduce a unitary transformation of the field :

Yz, 1) — ¢z, 1) =Ulp, STV (z, 1) (4.1)
with U* = U/~ ! so that
[y * = 1¢* = p. 4.2)

The functional I/ is chosen to eliminate the imaginary part of the NLSE (2.7) and, at the same
time, to transform the current j, given by equation (3.6), into another current 5 — J having
the canonical form

J=Y°, 43)
m
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with § being the phase of the new field ¢:

¢cnz)==p”%m,nexp[%5mgn}. (4.4)

We write U[p, S] as follows:

Lﬂp,S]:exp(%o{p“ﬂ> 4.5)

and observe that the generator o[p, S] is a real functional which allows us to calculate S
starting from S:

S=S+olp,S]. 4.6)
The generator o [p, S] can be obtained easily by combining equations (3.8), (4.3) and (4.6):

m "
diolp, S1= 23565 / Ulp, S1d"x dz. 4.7

Equation (4.7) imposes a condition on the form of the nonlinear potential which can be obtained
using the relation 0;;0 = 9;;0':

1 6§ I é n _
o Gras) o Gras) ] [ v siesa=o o

Condition (4.8) selects the potentials U[p, S] and the nonlinear systems where we can perform
the transformation (4.1). In the case of one-dimensional systems the transformation (4.1) is
always accomplished.
It is easy to verify that the transformation (4.1) reduces the evolution equation (2.7) to the
following NLSE:
Y n?

= =20+ Wip, S1p 4.9)

which now contains only the real nonlinearity Wlp, S] given by

2
LYo J-Vo  do (4.10)
2m P ot
where W = W|p, S[p, S]]. The phase S appears in equation (4.9) only through its spatial
derivatives; consequently the arbitrary integration constant, deriving from the definition of i/,
does not produce effects and can be posed equal to zero. Note that W depends implicitly on
the field S. In fact, equation (4.6) defines S as a function of p and S.
From equation (4.9) we can obtain the following continuity equation:
ap

—+V.J=0 4.11
o7 (4.11)

where the current J now takes the standard expression of the linear quantum mechanics given
by equation (4.3).

In conclusion, we have introduced a nonlinear and nonlocal transformation which makes
real the complex nonlinearity in equation (2.7) and at the same time reduces the continuity
equation (3.3) to the bilinear standard form. The price that we pay is that equation (4.9) is not
generally canonical because the transformation (4.1) is itself not canonical.

We briefly discuss the conditions under which the system described by equation (4.9)
becomes a canonical one. The canonicity of the system implies the existence of a nonlinear
potential U from which we can derive the nonlinearity of equation (4.9).

Wip,S1=W
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We observe that the absence of the imaginary part W in the nonlinearity of equation (4.9)
requires that U depends only on the field p and its spatial derivatives. Consequently, W is a
functional of the field p linked with U (p) through the relation

~ ) -
Wlp]l = . / Ulpld'xdt 4.12)
0
which, after performing the functional derivative, assumes the form
. aU[p]
Wipl = (—D*D [—} (4.13)
[,Z:;:] “LaDp)

In section 6 we consider a few particular systems where condition (4.13) is satisfied and their
canonicity is preserved.

5. Noncanonical systems

In this section we consider the transformation introduced previously and study its applicability
in the case of noncanonical systems.

For noncanonical systems, the evolution equation is given by equation (1.1), where
Wlp, S]is now an arbitrary functional, while W[p, S] assumes the form

h
Wip, S] = ZV-F[,O,S] (.1

enforced by the conservation of N = f p d"x, with F[p, S] an arbitrary functional, and the
current is given by

Vs
Jj=—p—Flp, Sl (5.2)
m

It is easy to verify that the transformation (4.1) eliminates the imaginary part of the
nonlinearity in the motion equation, which transforms again into equations (4.9), (4.10). The
generator o of the transformation ¥ — ¢ is related to F' through

m
Volp, Sl = ;F[p, S] (5.3)
while the condition
F
Vx—=0 (5.4)
0

permits the definition of the transformation in any n > 1 spatial dimension. This condition
constrains only the form of W, differently to the canonical case, where the condition (4.8)
constrains the form of the nonlinear potential U and, consequently, both W and WV in the
motion equation.

6. Examples

In this section we consider some equations already known in the literature in the framework of
the approach developed here. We show how the nonlinear transformations proposed to study
the various NLSEs can be obtained in a unified way as particular cases of the transformation
given by equation (4.1).
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(i) As a first trivial example we consider the canonical NLSE introduced in [16]:

. oY n? a i
1h¥:—%Agm(ﬁp—%-Vs)w+§(a-V1ogp)¢ (6.1)

with 8 and « real and constant arbitrary parameters. This equation can be derived from a
Lagrangian containing the following nonlinear potential:

Ulp.s1= 22— Pa.vs. (6.2)
2 h
The transformation with generator o, given by
m
= —a- 6.3
o Lo (6.3)
produces the new canonical evolution equation
¢ n? mo?
ih—=——A¢+ + — 6.4
= o 20 Bod 2h2¢ 6.4)
with associated nonlinear potential
~ B 5 maod
Ulpl= Zp"+ —0p. 6.5
lpl=Zp"+——p (6.5)

Equation (6.4) can be reduced to the cubic NLSE by changing the phase S — S — 3ma?t/2h.

(ii) Let us consider as our second example of canonical NLSE the Chen-Lee—Liu equation [24]:

Y %y adS o dp
h—=———-————pY+i-— 6.6
ot 2m x> h Bx'ow 2 axl// ©6)

with « a real coupling constant. The nonlinear potential associated with this equation is
o 0S5
Ulp, S1= ———p* 6.7
[p, S] T (6.7)

while the transformation with generator
am
- on
reduces equation (6.6) to the following noncanonical NLSE:
Lo} ¢ o (S 3am
o :_W_%<E+Wp)p¢'
The transformation with generator o given by equation (6.8) is a particular case of the Kundu
transformation introduced in [25].

pdx (6.8)

o =

(6.9)

(iii) As our third example we consider the canonical NLSE introduced in [26,27]:

9 K2 92 L (Ar dS B9
in Y L4 Zo+ 22 oy +il 2Py (6.10)
8 aIx 2m 0x

/BRI A

ot 2m 0x2 m

The associated potential is given by
Ulp,Sl=—5—p" —5-7=p (6.11)
m
while the generator o assumes the form

A
o= —E/pdx. (6.12)
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The evolution equation for the field ¢ becomes
L) n? 3% A dS

n?l - 220 20, 6.13
! ot 2m 0x2 maxp ( )

(iv) As our fourth example we consider the canonical NLSE recently introduced in [28,29]:

oY %y k[0S _kh 8 [ ,93S
h—=—-——+—p|— —i— — | . 6.14
ot 2m ox2 T m” \ox 4 12m/o ax \© ox v (6.14)
The nonlinear potential associated with equation (6.14) is given by
K [ S\
Ulp,S1=—p— ] - (6.15)
2m ox

Although equation (6.14) can be generalized in any spatial dimension, it is easy to verify that
the condition (4.8) is not satisfied in this case; thus we can apply the transformation only to
the one-dimensional case. We perform the transformation generated by

as
o:x/,o—dx (6.16)
ax
and equation (6.14) transforms into
3¢ n2a*p k p (S n? 3%log p
h—=———+— — —Kk— . 6.17
! ot 2m 9x2  m1l+kp \ 0x ¢ K4m'0 dx? ¢ ©.17

(v) As alast example of the canonical system we consider the sub-class of DG equations given
by [6]:

d n? iAo 1(VpY nA
w0y daas—ap™ |22 L (VAY Ly i 2R, (6.18)
at 2m m| p 2\ p 2 p
with associated nonlinear potential
n? (Vp)?
Ulp. 81 = apas + g1 VP (6.19)
m p
The generator o is now
o = —malogp (6.20)
while the evolution equation for the field ¢ becomes
d n? Ap 1 (Vp\
n 2 1 ey |22 L (YY), 6.21)
at 2m P 2\ p
with y = ma? — 28h%/m. This equation is again canonical, with nonlinear potential
~ (Vp)*
Ol =—% (6.22)

and can be linearized performing the rescaling S — S+/2my /h*> — 1, as noted in [30].

(vi) The most general class of DG equations is noncanonical and takes the form

A Aw+hD’25: Rilo. S1 +i2DRslp, STy (6.23)
ih—=—— ciRilp, i , .
or = 2m £ P P

where R = V - j/p, Ry = Ap/p, Rs = (j/p)*, Ra = j - Vp/p?, Rs = (Vp/p)*.
Note that equation (6.18) is obtained when D = «, ¢; = —c4 = ma/hD’, ¢; = 0 and
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¢; = —2¢5 = —2Bh/mD’. The same generator o given by equation (6.20) defines the
transformation ¢ — ¢ reducing the evolution equation to
3¢ h2 5
2l =~ Ap+ Y GERip, S 6.24
in— 2m¢;c[p]¢ (6.24)

where now the coefficients are given by ¢, = hD'c; — mD, ¢; = hD'cy, ¢3 = hD'c3,
¢4 = hD'cy + mD, & = hD' + mD?/2. Note that in [7] a nonlinear transformation was
introduced with generator

y (1) 1
opG = - log p + ﬁ[k(t) —1]1S5+6(t, ) (6.25)
which produces a group of transformations mapping the DG equation into itself. We observe
that, after posing in equation (6.25) 9(¢, ) = 0, A(¢) = 1 and y (¢) = 2mf/h, we obtain the
generator o given by equation (6.20).

(vii) As a second example of noncanonical system we consider the equation

2 a2 *
A SR AW (I//% e qd? )w (6.26)

ot 2m 0x2 ox

with g a real parameter. We note that for ¢ = 1/2, equation (6.26) reduces to the Kaup—
Newell equation [31], while for ¢ = 0 we obtain the Chen-Lee—Liu equation (6.6). Finally,

for ¢ = —1 the nonlinearity in equation (6.26) becomes purely real and the equation coincides
with equation (6.13) obtained previously. The generator
mo
o:—ﬁ(q+l)/pdx (6.27)

defines a transformation which reduces equation (6.26) to

¢ n? 3% « S 1 « 5

h—=————=|(0l—-g)—+-m=3—-29g—5 . (628

= ma 5 |U D5ty q—=>5¢)p | pp. (6.28)
In the particular case g = 1 equation (6.28) becomes canonical with nonlinear potential

mot2

T _ = 3
Olpl =", (629)

(viii) As a final example we consider the Eckaus equation [32] which is a noncanonical NLSE:

L n oty . op 5

h—=———+ia—V¢¥ + . 6.30

Toor = Tamaxr PV TP 630)
The generator

mo

o= —7 pdx (6.31)
defines the transformation reducing equation (6.30) to the well known quintic NLSE:

¢ 12 3% [ ma? 5

h—=————+|—+ . 6.32

Mo = Tamax T\ TF) 0 (032
Equation (6.32) is a canonical one with nonlinear potential

~ 1 (ma?

Ulpl== (=5 +B)r’. 6.33

[p] 3(27,2 ﬁ)p (6.33)

In the particular case where = —ma?/2h? the transformation with generator given by

equation (6.31) linearizes equation (6.30).
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7. Conclusion

In this paper we have considered a class of canonical NLSEs containing complex nonlinearities
and describing U (1)-invariant systems. For these systems we studied the symmetries and the
conserved quantities associated to roto-translations and Galilei invariance.

Subsequently, we introduced a Cole—Hopf-like transformation v — U1/, which preserves
the U (1)-invariance of the system and reduces the complex nonlinearity into a real one so that
the continuity equation assumes the standard bilinear form. This transformation generally
does not conserve the canonicity of the system. Extension to noncanonical equations was also
studied.

The general Cole—Hopf-like transformation introduced here allows us to treat in a
unifying scheme several NLSEs already known in the literature, obtaining, in this way, the
transformations introduced by various authors.

Appendix A

In this appendix we recover, by using the Noether theorem [23], the continuity equation
associated with a given symmetry.
Let us consider the action

A=/L‘d"xdt (A.1)
with Lagrangian
L= EL +£NL (AZ)
where
h Y Y™ n? 5
Ly =iz (V" ——yY— ) — —|V A3
L=iz <llf o1 v 8;) 2ml vl (A.3)

is the standard Lagrangian density of the linear Schrodinger theory while
Ly, = =Ulp, S] (A4)

is a real scalar functional depending on the hydrodynamic fields p, S and their spatial
derivatives. The evolution equation for the field i is given by

dA
= (A5)
oy
Taking the functional derivatives, equation (A.5) becomes
oL d 9L 0 oL oL
e e,
g 9@ Yr) 9 ABYT) i 3(Dy.p)
L h dLNr
+i— Y (DD [ } Y =0. (A.6)
2p [k;] “| 9D, 5)

We compute the variation é..4 generated by a one-parameter transformation group. For
simplicity, we assume that the symmetry group acts only on the internal degrees of freedom
of the system. The contributions to §..4, given by the variation of the volume element d"x dz,
when the symmetry involves the space—time variables, are well known and can be added
successively. Thus, we have
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5L 5L 5L 8L
S A = f[ sy + Lyt + s o+ NLss}

e 5p 58S
—/{MLw DL )+~ 5. (3
oy " T a@y) T @)
9L 9L ALy
—— 8+ ———6, ———68(0;
Hog Sl G O+ S8 )
L LN
+ 8.(D —5.(D;, S d"x dr A7
[,;][a(mp) (D1p) + 55550 )“ x (A7)
with D; = 9%/ (8xi -+~ x!n) and the Einstein convention for the repeated indices is assumed.
In equation (A.7) we have posed ) ,_o; = >_;— 2_,,» where the second sum is performed on
the multi-index Iy = (i, iz, ..., i) with 0 <i, <k, le k. If we use the identity
oL ad oL ad 9L
——8:(0.9) = [ ¢] [ }3 ¢ (A.8)
9(3.9) 3(0a0) 9(9.9)
with a = t, i, equation (A.7) becomes
oL oL d oL 0 oL
wa= [ {5 5 [y |- s o 5 (Gae)
(9, v¥) ar 99, v) 9(9;¥)
0 d 0 d d
S gy Do g DB e
ox; La@iv) oY ar [ 3(0, ™)
a[ ALy ]sw*+ 3 [ AL, w} d [ AL ](W*
a0, ¥*) ax; Lody*) © (3 ¥™*)
LN LN
8.(D D S) |t d"xdr. A9
+[;I[8(D1kp) «Pup)+ 555550 >“ x (A9)
For a fixed value of the index k and multi-index I, using k times equation (A.8), we have
BENL k I a‘CNL
—6.(D —D)PAYD; | Dy | ————— |8 A.10
5Dy ) D) = Y (=DPAID, | Dy, D1 p)) P (A.10)

[p=0]

where the coefficient AZ = [T, it/ \m,Y), pr:O] = Z’; —o 2y, and the multi-indices
Iy =G,y in), Iy =1, ... ) and Iy = (my, ..., m,) are related by i, = [, +m,.
Using equation (A.10), equation (A.9) transforms to

B,CL 3 0L, 0 0L, 0 0L,
e B e 3
A= /{ [a<a~/f> ‘”} [a@zw)] Vtan [a(aw ‘”}

—i[ah]sw oL SoU* + a[aﬁL 1/f*]
ax; La@y) ] © w ‘ @y

0 0Ly N o) 9L, 0 0Ly N
__[a(afw )]8 v +a_xi[a(aiw> “”] ox; [a@iw*)](S“/’

k
—1?Ap, ID S.p+D s.S 4 d"x dr.
WIS ’4{ I”[G(lep)} P "’[a(DhS)] ” g

[k=0] [p=0]
(A.11)
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After inserting in equation (A.11) the expressions of d Ly /0¥ and 9Ly /9™ obtained from
equation (A.6) and its conjugate, we finally obtain

(3] 3L AL 3 [ 9LL AL
SGA_/{at[a(azw)&I/’*a(azw) f"’] ox; [8(3,«#)56‘” Ay ‘”

0LNL
DI {D"’[am, m}ap

[k=1] [p=0]
oL
,ﬂ[ L ]sést"x dr. (A.12)
(D, S)
In the presence of a symmetry the variation of the action must vanish and thus, from
equation (A.12), after rearranging the terms, we derive the continuity equation

09
StV F=0 (A.13)
with charge
0L, 0L,
Q= € Sey* A.14
(3, v) bV (3, y*) v A1
and flux F
L SV L5w+ZZ( P B,
ICRD) 9(9;¥*) (=01 (=t
ALNL LN
Dy | ————— | b Dy | ————— 168 A.15
X{ "’[awj.zkp)] o "’[awj,sz)} } (A1)

where D; ,a = 3;Dj,a, with a = p, S, and the coefficients Bj’f,q = (i; + 1)A§: J(mj+1) fjl"

and f jI" =n—-3" 2j 80,m,. Recall that from the continuity equation the current is defined
modulo the curl of an arbitrary function. This fact was taken into account in the expression of
the current (A.15).

In the following we discuss two important cases. In the first, we suppose that the system
is U(1)-invariant. Using the transformation ¥ — 1 exp(i€) where € is the infinitesimal
generator, we have

S =iey Sep* = —iey™
$.p=0 8.8 = he. (A.16)

From equations (A.14) and (A.15) we obtain the expression of the conserved density
Q = p and the related current F; = j;:

. 0§ (=D* aU[p, S]
02 D, . A17
ST +U<X=(;] fe [B(Di,lks)} 1D

It is trivial to note that equation (A.13) is the continuity equation for the field y», where the
current (A.17) assumes a nonstandard expression, due to the presence of the imaginary part of
the nonlinearity in the evolution equation. By taking into account the definition (2.4) of the
functional derivative, equation (A.17) can be also written in the form

0; S
= —— Ulp, S1d"x dt A.18
Ji=—p+ 3(35)/ lp, S1d"x (A.18)
modulo a curl of an arbitrary function. Note that equation (A.18) can be obtained directly from
equation (2.7) after adopting the hypothesis that U[p, S] depends on the field S only through

its spatial derivatives as required from U (1) symmetry.
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In the second case, we discuss the energy—momentum tensor related to the space—time
translations. Posing x,, — x, + €, we have

Sew =6;/.ap.1/f Sew* =€M3u1/f*

5610 = 6/1.8/1.10 38 = E/I.a/l.S (Alg)
with u =0, ..., 3 and dp = 9;. From equations (A.14) and (A.15) we obtain
n? )
Too = 2—|V1/f| +Ulp, S] (A.20)
m
Toj =15 (7059 = ¥0,97) (A21)
h2
Tip = — 2—(3i1/f*3r1/f — ;oY)
m
k
oU[p, S aU[p, S
+> > (=B}, Dy, {D,P[M}a,p +D, [ﬁ]a,s} (A22)
(=01 [ p=0] 3 (Dii,p) 3(Di.1,S)
h2
Tij = — o (B0, + 3,y 0:y) + 6L
k
aU[p, S aU[p, S
- Z Z(—l)”lef,t D,q{D,p[ﬁ]ajﬁp,p[ﬁ]ajs}. (A.23)
[k=01 [p=0] ' 0 (Di,lkp) 9 (Di,lk S)

In equations (A.20) and (A.23) we have taken into account the contribution due to the volume
element. Note that the potential U[p, S] does not modify the expression of the momentum
density Tp; which assumes the same form as in the linear theory. In contrast, U[p, S] changes
the expression of the energy density 7o, and even more strongly the expression of the flux
densities T;,,.

Appendix B

Theorem. If Ulp, S] and F[p, S] are two smooth functionals depending on the fields p, S
and their spatial derivatives and satisfy the relation

0
ﬁU[p, §]=V - F[p, S] (B.1)
the functional Ul p, S] takes the form

Ulp, S1="Ulp, S1+V - Glp, S] (B.2)

where Ul p, S] depends on S only through its derivatives: dU /3§ = 0.

Proof. Deriving equation (B.2) with respect to S we obtain

U U 9 9 3G; 3G,
—=——+—=V :-G=— 0;(Dy,p) +0;(Dy,S)
s~ S  aS 08 &, d(Dy.p) 3(D;, S)
= > |%(Dyp) 9 +0:,(Dy. ) 9 Gi _y oG (B.3)
=1 W sy T 5,8y | s T Y T as '

which coincides with equation (B.1) for F' = dG/dS.
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Alternatively, expanding the rhs of equation (B.1),

aU oF; dF;
5= [ (Dzkp)a(p—lk) +0,(D1S) g S)] (B.4)

and integrating on the field S, after taking into account that p, S, Dy, p and Dy, S are independent
quantities, we have

oF; JdF;
v=3 | [a P55 o (D’ks)a(bl S)] @

[k=0]
IF;
- Z 85('DIkp)/ a(D dS+ Z a(DIkS)/—a(D,kS) ds

[k=0] [k=1]

daF;
+(9;S) 35 ds

=Y B(lep)a(D )/FdS+ > B(DIkS)a(DI S)/FdS

[k=0] [k=1]
+(F; + C;)o; S

=V-/FdS+C-VS (B.5)

with C; integration constants not depending on S. Equation (B.5) coincides with equation (B.2)
forG= [FdSandU =C - VS. O
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